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1. Introduction 



Abstract. In 9 Kaimanovich introduced the concept of augmented tree on the 
symbolic space of a self-similar set. It is hyperbolic in the sense of Gromov, and 
it was shown in [13] that under the open set condition, a self-similar set can be 
q identified with the hyperbolic boundary of the tree. In the paper, we investigate in 

1} detail a class of simple augmented trees and the Lipschitz equivalence of such trees. 

(~*\ The main purpose is to use this to study the Lipschitz equivalence problem of the 

totally disconnected self-similar sets which has been undergoing some extensive 
development recently. 

O 

•5 

Two compact metric spaces (X, d x ) and (Y, d Y ) are said to be Lipschitz equivalent, 
and denote by X ~ Y, if there is a bi-Lipschitz map a from X onto Y, i.e., a is a 
^ bijection and there is a constant C > such that 

<g C-Hxix^y) < d Y (a(x),a(y)) < Cd x (x,y) Wx,yeX. 

^ It is easy to see that if X ~ Y, then dinif/X = dim#F = s, where dim^ denotes 

^ the Hausdorff dimension. A more intensive study of this was due to Cooper and 

Pignartaro [2] in the late 80 's, they showed that for certain Cantor sets X, Y on R, 
the Lipschitz equivalence implies that there exists a bi-Lipschitz map a and a A > 
such that l-L s ((j(E)) = XH S (E). In another consideration, Falconer and Marsh [5] 
proved that for quasi-self-similar circles, they are Lipschitz equivalent if and only if 
5_i they have the same Hausdorff dimension. 



The recent interest of the Lipschtiz equivalence is due to the path breaking study of 
Rao, Ruan and Xi [IS] on a question of David and Semmes [3] on certain special self- 



similar set on M to be dust-like (see Example 5.2). They observed a graph directed 
relationship in the underlying iterated function system (IFS), and made use of this 
to construct the needed bi-Lipschitz map. There is a number of generalizations on K 
and M. d for the totally disconnected self-similar sets with uniform contraction ratio 
or with logarithmically commensurable contraction ratios ([1], [20], [21], [25], |26j). 

Key words and phrases. Augmented tree, hyperbolic boundary, incidence matrix, Lipschitz 
equivalence, OSC, primitive, rearrangeable, self-similar set, self-affine set. 
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For certain Cantor-type sets on M. d with non-equal contraction ratios, Rao, Ruan 
and Wang [TH] had an elegant algebraic criterion for them to be Lipschitz equivalent, 
which improved a condition of Falconer and Marsh in [0 . Other considerations can 
be found in [16], pi], [23]. 

So far the investigation of the Lipschitz equivalence is very much restricted on 
a few special self-similar sets. In this paper, we will provide a broader frame- 
work to study the problem through the concept of augmented (rooted) tree. For 
an IFS {Si}^ =1 of contractive similitudes on IR d (assume equal contraction ratio in 
the present situation) and the associated self-similar set K, we use X = IJ^o 
S = {1, . . . ,m} to denote the symbolic space. Then X has a natural graph struc- 
ture, and we denote the edge set by £ v {y for vertical). We define a horizontal edge 
for a pair (u, v) in X x X if u, v 6 E n and S U (K) D S V (K) ^ 0, and denote this set 
of edges by £ h . The augmented tree is defined as the graph (X, £) where £ = £ v U£h- 

Such augmented tree was first introduced by Kaimanovich [H] on the Sierpinski 
gasket in order to incorporate the intersection of the cells to the symbolic space, 
and was developed by Lau and Wang [13J to general self-similar sets. It was proved 
that if an IFS satisfies the open set condition (OSC), then the augmented tree is 
hyperbolic in the sense of Gromov. There is a hyperbolic metric p on X, which 
induces a hyperbolic boundary (dX,p). The hyperbolic boundary is shown to be 
homeomorphic to K; moreover under certain mild condition, the homeomorphism 
is actually a Holder equivalent map. This setup is used to study the random walks 
on (X,£) and their Martin boundaries [H]. 

Based on this, our approach to the Lipschitz equivalence of the self-similar sets 
is to lift the consideration to the augmented trees (X,£). We define a horizontal 
connected component of X to be the maximal connected horizontal subgraph T in 
some level E n . Let c € be the set of all horizontal connected components of X. For 
T G ^, we use TE to denote the set of offsprings of T, and consider T U TE as a 
subgraph in X. We say that T, T e c £ are equivalent if they are graph isomorphic. 
We call X simple if there are finitely many equivalence classes. Under this condition, 
we can define an incidence matrix 

A = [a fi ] 

for the equivalence classes as follows: choose any component T belonging to the 
class ^i, and let Zn, . . . , be the connected components of the descendants of T. 
The entry ay denotes the number of Z^ that belonging to the class ^j. 

It is shown that a simple augmented tree X is always hyperbolic, and the re- 
lationship of the hyperbolic boundary and the self-similar set is analogous to the 



case with OSC (Propositions 3.4, 3.5). Our basic theorem, to put it into a simple 



statement, is (assuming the IFS has equal contraction ratio): 
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Theorem 1.1. Suppose the augmented tree (X,£) is simple and the corresponding 
incidence matrix A is primitive (i.e., A n > for some n > 0), then d(X,£) ~ 
d(X,S v ). 

We call a self-similar set K dust-like if it satisfies Si(K) D Sj(K) = for i ^ j. By 



reducing the Lipschitz equivalence on the trees in Theorem 1.1 to the self-similar 



sets (Proposition 3.5, Theorem 3.10), we have 



Theorem 1.2. (i) If in addition to the condition in Theorem \l.l\ the IFS satisfies 
some mild condition (H) (see Section 2), then K is Lipschitz equivalent to a dust-like 
self-similar set. 

(ii) If K and K' are as in (i) and the two IFS's have the same number of simili- 
tudes and the same contraction ratio, then they are Lipschitz equivalent. 



The proof of Theorem 1.1 depends on constructing a near-isometry between the 
augmented tree (X, £) and (X, £ v ). The crux of the construction is to use a technique 
of rearrangement of edges (Section 4), which is based on an idea of Deng and He in 



[I]. Actually we prove a less restrictive form of Theorem |l.l| (Theorem |3~7 ) in terms 



of rearrangeable matrices. Theorem |1 . 1| follows from another theorem (Theorem 3.8) 
that the primitive property implies rearrangeability . 

We will provide an easy way to check an augmented tree being simple (Lemma 



5.1|), which is more efficient to apply to various examples than the graph directed 

essen- 



systems that were used in the previous studies (pE], [18], [25J ) . Theorem 1.2 
tially covers all the known cases so far, it also covers some new classes of IFS's that 
have overlaps and rotations (see Section 5). Moreover the theory can be extended 
from the self-similar IFS to the self-affine IFS: it is easy to see that the notion of 
augmented tree and the results on such tree remain unchanged. For self-affine sets 
on M> d , we can still establish the Lipschitz equivalence, making use of a device in [S] 
which replaces the Euclidean distance by an ultra-metric adapted to the underlying 



self-affine system (see Theorem 3.14). 



The paper is organized as follows. In Section 2, we recall some well-known results 
on hyperbolic graphs and set up the augmented tree. In Section 3, we introduce 
the notion of simple augmented tree, and derive its basic properties. Theorem 1.1 is 



stated there, and Theorem L2 together with other consequences is proved. The proof 
of Theorem 1 1 . 1 1 and the involved concept of rearrangement are given in Section 4. In 
Section 5, we provide several new examples to illustrate our results; some concluding 
remarks and open questions are given in Section 6. 



2. Preliminaries 

Let X be a countably infinite set, we say that X is a graph if it is associated 

with a symmetric subset £ of (X x X) \ {(x, x) : x G X}; we call x G X a vertex, 
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(x, y) G £ an edge, which is more conveniently denoted by x ~ y (intuitively, 
are neighborhoods to each other). By a pat/i in X from x to y, we mean a finite 
sequence x = x , xi, . . . , x n = y such that a;, ~ i = 0, . . . , n — 1. We always 
assume that the graph X is connected, i.e., there is a path joining any two vertices 
x, y G X. We call X a tree if the path between any two points is unique. We equip 
a graph X with an integer- valued metric d(x,y), which is the minimum among the 
lengths of the paths from x to y\ the corresponding geodesic path is denoted by 
7t(x,y) and its length by \ir(x,y)\(= d(x,y)). Let o G X be a fixed point in X and 
call it the root of the graph. We use \x\ to denote d(o, x), and say that x belongs to 
the n-th level of the graph if d(o, x) = n. 

The notion of hyperbolic graph was introduced by Gromov ([7], [22]). First we 
define the Gromov product of any two points x, y G X by 

\ x A y\ = 2 (1^1 + \v\ ~ d ( x >y))- 

We say that X is hyperbolic (with respect to o) if there is 5 > such that 

\x A y\ > mm{\x A z\,\z A y\} — 5 V x,y,zEX. 

Note that this is equivalent to a more geometric characterization: there exists a 5' 
such that for any three points in X, the geodesic triangle is 5' -thin: any point on 
one side of the triangle has distance less than 5' to some point on one of the other 
two sides. 

For a fixed a > with a' 
on X by 

(2-1) Pa (x,y) 
Then 

Pa(x,y) < (1 + a')max{p a (x,z),p a (z,y)} V x,y,z E X, 
which is equivalent to the path metric 

n 

9 a {x,y) = inf j ^ p a (x i - 1 , x { ) : n > 1, x = x , x u . . . , x n = y, Xj G X j. 

8=1 

Since 6 a and p a determine the same topology as long as a' < \/2 — 1, we will use p a 
to replace 6 a for simplicity. 

Definition 2.1. The hyperbolic boundary of X is defined as dX — X \ X where X 
is the completion of X under p a . 

The metric p a can be extended onto dX, and under which dX is a compact set. 
It is often useful to identify £ G dX with a geodesic ray in X that converge to £, i.e., 
an infinite path 7r[xi, x 2 , . . . ] such that X{ ~ x i+ i and any finite segment of the path 
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exp(5a) — 1 < \/2 — 1, we define an ultra-metric p a (-,-) 



exp(— a\x Ay\) if x^y, 
otherwise. 



is a geodesic. It is known that two geodesic rays ir[xi, x 2 , ■ ■ ■), tt[hi, 2/2, • • • ] represent 
the same £ G dX if and only if \x n A y n \ — > 00 as n — > 00. 

Our interest is on the following tree structure introduced by Kaimanovich which 
is used to study the self-similar sets (|9j, [13]). For a tree X with a root o, we use 
E v to denote the set of edges {y for vertical). We introduce additional edges on each 
level {x : d(o, x) = n}, n G N as follows. Let x~ k denote the fc-th ancestor of x, 
the unique point in the (n — k)-ih level that is joined by a unique path. 

Definition 2.2. Let X be a tree with a root o. Let ^c(Ix X) \{(x, x) : x G X} 
stzc/i i/ierf is symmetric and satisfies: 

(x, y) G £h => \x\ = \y\ and either x~ x = y~ x or (x^ 1 , y^ 1 ) G Eh- 

We call elements in Eh horizontal edges, and for E = E v U Eh, {X,E) is called an 
augmented tree. 

Following [13], we say that a path ir(x, y) is a horizontal geodesic if it is a geodesic 
and it consists of horizontal edges only. It is called a canonical geodesic if there exist 
u, v G ir(x,y) such that: 

(i) 7r(x, y) = ir(x, u) U 7r(u, u) U 7r(t>, y) with 7r(«, v) a horizontal path and ir(x, u), 
it(v,y) vertical paths; 

(ii) for any geodesic path ir'(x,y), dist(o, ir(x, y)) < dist(o, 7r'(x, y)). 

Note that condition (ii) is to require the horizontal part of the canonical geodesic 
to be on the highest level. The following basic theorem was proved in [T5] : 

Theorem 2.3. Let X be an augmented tree. Then 

(i) Let ir(x,y) be a canonical geodesic, then \x Ay\ = I — h/2, where I and h are 
the level and the length of the horizontal part of the geodesic. 

(ii) X is hyperbolic if and only if there exists a constant k > such that any 
horizontal part of a geodesic is bounded by k. 

The premier application of the augmented trees is to use their hyperbolic bound- 
aries to study the self-similar sets. Throughout the paper, we assume a self-similar 
set K is generated by an iterated function system (IFS) on M d where 

(2.2) Si(x) = rRiX + di, i = l,...,m 

with < r < 1, R4 is an orthogonal matrix, and di G M. d . It is well-known that K 
satisfies K = IJHi Si(K). Let E = {1, . . . , m} and let X = IJ^Lo ^™ ^ e ^ ne s y m bolic 
space representing the IFS (by convention, E° = 0, and we still denote it by o ). For 
u = H ■ ■ ■ in, we use S u to denote the composition S ix o • • • o S in . 

Let E v be the set of vertical edges corresponding to the nature tree structure on 
X with o as a root. In [13J, a set of horizontal edges Eh is defined as 

E h = {(u,v) : |u| = |v|,u^vandK u nX v ^0}, 
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where K u = S U (K). Let £ = £ v U £h, then (X,£) is an augmented tree induced by 
the self-similar set. 

If the IFS is strongly separated (i.e., Si(K) R Sj(K) = for i ^ j), then K is 
called dust-like. It is clear that in this case, £h = 0, and p a coincides with the natural 
metric on the symbolic space: 

g(x,y) = exp(— amaxjfc : Xi = yi, i < k}). 



In [13], it was proved that under the open set condition (OSC), Theorem 2.3[ ii 



implies that the above augmented tree is hyperbolic, and the nature map $ : dX — > 
K is a homeomorphism. Moreover if in addition, the IFS satisfies 

condition (H): there exists a constant c > such that for any integer n > 1 and 
words u, v G S n , 

(2.3) K u D K v = dist(AT u , Kv) > cr n . 

Then for a = — log r/a, $ satisfies the following Holder equivalent property: 

c-'mo - $(7?)i < Pa (e,r/) Q < ci$(o - $(^)i v e,^ e ax. 

Condition (H) is satisfied by the standard self-similar sets, for example, the gen- 
erating IFS has the OSC and all the parameters of the similitudes are integers. 
However there are also examples that condition (H) is not satisfied (see [13] for an 
example such that the similitudes involve irrational translations). 



From Definition |2.2[ we see that the choice of the horizontal edges for the aug- 
mented tree can be quite flexible, for example we can use K u n K v to have positive 
dimension to define £h- In this paper, we will use another setting by replacing K 
with a bounded closed invariant set J (i.e., Si(J) C J for each i), namely 

(2.4) £ h = {(u,v) : |u| = |v|,u^ v and J u n J v ^ 0} . 

We can take J = K as before or in many situations, take J = U for the U in the 
OSC (see the examples in Section 5). The above statements on the hyperbolicity of 
the augmented tree and the homeomorphism of the boundary still valid by adopting 
the same proof; for the Holder equivalence, we use the following modification of 



condition (H) for J, which will be used again in proving Proposition 3.5 



Lemma 2.4. Suppose the IFS in (2.2) satisfies condition (H), then for any bounded 
closed invariant set J, there exists d > and k > such that for any n > and 

u,v e s™ ; 

J u n J v = dist(J uU J vj ) > c'r n V i, j G 

Proof. Let c be the constant in the definition of condition (H). For the bounded 

closed invariant set J, we have K C J and the Hausdorff distance dn(Ki, J ; ) < c\r k 

for all i G In particular we choose k such that c\r k < c/3. 
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Now if u, v G £ n , J u n J v = 0, then K u H K v = 0, it follows from condition (H) 
that dist(fT u , K v ) > cr n for u, v G S n . Applying this and the above to n + k, we 
have 

dist( J ui , J vj ) > dist(if ui , K vi ) - d H (K ui , J ui ) - d H (K vi , J vj ) 
> cr" - (2c/3) r n > (c/3)r n V i, j G 
The lemma follows by taking d = c/3. □ 

We remark that the augmented tree (X, £) depends on the choice of the bounded 
invariant set J. But under the OSC, the hyperbolic boundary is the same as they 
can be identified with the underlying self-similar set. 

We conclude this section with the following simple relationship of the totally 
disconnected self-similar set and the structure of the augmented tree. The more 
explicit study of their Lipschitz equivalence will be carried out in detail in the rest 
of the paper. By a horizontal connected component of an augmented tree, we mean 
a maximal connected horizontal subgraph on some level S n of X. 

Proposition 2.5. Suppose the cardinality of any horizontal component in the aug- 



mented tree induced by the IFS in (2.2) is uniformly bounded, then the associated 



self-similar set K is totally disconnected. 

The converse is also true if the about IFS is on M. 1 and satisfies the OSC. 

Proof. Suppose K is not totally disconnected, then there is a connected component 
C C K contains more that one point. Note that for any n > 0, K = IJies™ -^i- 
Let K- n fl C 7^ 0. If C \ K- n ^ 0, then it is a relatively open set in C, and as C is 
connected, 

d c (C\K h )nd c (K h nC)^$. 

(dc{E) means the relative boundary of E in C). Let x be in the intersection, there 
exists i 2 G S n such that x e K h f\ K h and K h D (C\ K h ) ^ 0. 

Inductively, if Uj=i Ki, does not cover C, then we can repeat the same procedure 
to find ifc + i G S n such that 

n (U* =1 ^) ^ and K ifc+1 n(C\|j" =i ^.)^0. 

Since K = Uies™ K-h ^ s P rocess must end at some step, say £, and in this case 
C C Uj=i-^V Since the diameter \K- tj \ = r n \K\ — > as n — > oo, £ must tend 
to infinity, which contradicts the uniform boundedness of the horizontal connected 
components S n . 

For the converse, we assume that the IFS is defined on K. Note that if K C R is 
totally disconnected, then dim^i^ = s <1 |2T]. Let [i denote the restriction of the 
s-Hausdorff measure on K. Without loss of generality, we assume fi{K) = 1. Then 
it is well-known that for any point x G K and any < t < \K\ (where \K\ denotes 



the diameter of K), 



Ci < < G 2 , 



where C\, C 2 are constants independent of x and t. 

Suppose ii, i 2 , • • • , ifc is a finite sequence of distinct words in S n and is in a hori- 
zontal connected component (we take J = K for convenience), i.e., K\. D K- lj+1 ^ 
for 1 < j < k — 1. Let G be the smallest interval containing K- n , . . . , Ki k . Let 
x e G H K, and let t — \G\. Then the Hausdorff measure \i implies 

n(B(x,t)) > kr ns . 

This together with t = \G\ < kr n \K\ implies 

k l - s kr ns < ii(B(x,t)) < 
JK]* ~ (kr n \K\) s ~ t s - 2 ' 
Hence k is uniformly bounded. □ 



3. Lipschitz equivalence and the main theorems 

In this rest of the paper, unless otherwise stated, we will assume the augmented 
tree (X, £) is associated with the symbolic space of the IFS {S i \'^ =l in (2.2), and 
£ = £h U£ v where £h is defined by a fixed bounded closed invariant set J as in (2.4). 
We introduce a class of mappings between two hyperbolic graphs which plays a key 
role in the Lipschitz equivalence. 

Definition 3.1. Let X and Y be two hyperbolic graphs and let a : X — >■ Y be a 
bijective map. We say that a is a near-isometry if there exists c > such that 

\\n(a(x),a(y))\ - |7r(x,y)|| < c V x,y E X. 

Remark. By checking tt(o, x), it is easy to show that the above definition implies 
||cr(x)| — |x|| < c + 3|(t(o)| + k where k is the bound of the horizontal geodesic in 
Theorem |2.3[ ii). Hence the above definition is equivalent to 

||cr(s)| - |x|| < c, \\7r(a(x),a(y))\ - \n(x,y)\\ < c V x,y e X. 

(with different constant c) 

Proposition 3.2. Let X , Y be two hyperbolic augmented trees that are equipped 
with the hyperbolic metrics with the same parameter a (as in (2.1)). Suppose there 
exists a near-isometry a : X — >• Y then dX ~ dY . 



Proof. With the notation as in Theorem |2.3| (i), it follows that for x ^ y G X, 
\n(x,y)\ = \x\ + \ y \-2l + h, \ir{a(x),a{y))\ = \a(x)\ + \a{y)\ - 21' + ti. 

From the definition of a (and the remark), we have 

\\a(x)\ - \x\\, \\a(y)\ - \y\\ < c, \l -l'\ < 3c/2 + k/2, and \h - h'\ < k 



for some k > (where k is the hyperbolic constant as in Theorem |2.3[ ii)). By 
Theorem Qi), 

\x A y\ = I - h/2 and \a{x) A a(y) | = l' - ti/2. 

It follows that 

\\a(x) Aa{y)\ - \x Ay\\ = \l' - ti/2 - I + h/2\ < 3c/2 + k := k'. 

Let A = e ak ' , together with the definition of the ultra-metric p a (x, y) = exp(— a\x/\y\) 
in (2.1), we conclude that 

\~ x p a (x, y) < p a (<r(x), a{y)) < Xp a (x, y) V x, y E X. 

By extending the metrics to the boundaries dX, dY, the above implies a is a bi- 
Lipschitz map from dX onto dY. □ 

Let c io be the set of all horizontal connected components of X. For T 6 we 
let TS = {ui : u G T, i G X} be the set of offsprings of T. Note that if two 
distinct components T, T' G ^ lie in the same level, then TS is not connected to 
T'S, equivalently, 

(3-D n (U^/j) = »■ 

This follows easily from S ui (J) n 5 vj (J) C 5 U (J) n 5 V (J) = for all u G T, v G 

By regarding T U TS as a subgraph in X. We say that T, T" G ^ are equivalent, 
denoted by T ~ T", if there exists a graph isomorphism 

5 : TUTS ->■ T'UT'S, 

that is, p is a bijection such that ^ and preserve the vertical and horizontal edges. 
It is easy to check that ~ is indeed an equivalence relation. We use [T] to denote 
the equivalence class and call it a connected class determined by T. Obviously, {o} 
is the connected class determined by the root o. 

Definition 3.3. An augmented tree X is called simple (with respect to the defining 
bounded closed invariant set J) if there are finitely many connected classes, i.e., 
'/~ is finite. 

Proposition 3.4. A simple augmented tree is always hyperbolic. 

Proof. Note that for each geodesic n(x,y) in X, the horizontal part must be con- 
tained in a horizontal component of the augmented tree. Since there are finitely 
many connected classes [T], and each T contains finitely many vertices, it follows 
that the horizontal part of ir(x, y) is uniformly bounded, and hence hyperbolic by 
Theorem Qii). □ 



In the following we show that the hyperbolic boundary of a simple augmented 
tree is Holder equivalent to the self-similar set, which is similar to the case in 
for the OSC. 



Proposition 3.5. Let {Si\™ =l be an IFS satisfies condition (H) in (2.3), and assume 
that the corresponding augmented tree (X, 8) is simple. Then there exists a bijection 
$ : dX K satisfying the Holder equivalent property: 

(3.2) c-'m) - < Pa ^ v ) a < cm) - <$>{ V )\, 

where a = — logr/a and C > is a constant. 

Proof. The proof is essentially the same as in [13J by replacing K with the invariant 
set J in Sh- We sketch the main idea of proof here. For any geodesic ray £ = 
7r[ui, u 2 , . . .], we define 

^)=limS u „(x ) 

n— >oo 

for some xq G J. Then the mapping is well-defined and is a bijection (see Lemma 
4.1, Theorem 4.3 in [T3]). 

To show that $ satisfies (3.2), let £ = 7r[u , Ui, u 2 , . . .], rj = 7r[v , vi, v 2 , . . .] be any 
two non-equivalent geodesic rays in X. Then there is a canonical bilateral geodesic 
7 joining £ and r\: 

7 = 7f[. . . , U n+ i, U n , ti, . . . ,t t , V n , V n+ i, . . . ] 

with u n , ti, . . . , t£, v n G S n . It follows that 

\S Un (x )-S Vn (x )\<(£ + 2)r n \J\. 



Since X is simple, i is uniformly bounded (by Proposition 3.4). Note that $(£) G J Ufc 
and $(77) G J Vfe for all /c > 0, hence 

mo -sMi, m V ) - s Vn ( Xo )\ < r n \j\. 

Therefore 

\m-Hv)\ 

< MO - S Un (x )\ + \S Un (x ) - S Vn (x )\ + |$(r/) - S Vn (x )\ 

< c ir n . 

Since 7 is a bilateral canonical geodesic, we have |£ A r)\ — n — (£ + l)/2 and £ is 
uniformly bounded. By using p a (£, 77) = exp(— a|£ A 77I), we see that 

|$(£)- $(77)| <C Pfl (e,»7) a . 

On the other hand, assume that £ 7^ 77. Since 7 is a geodesic, it follows that 
(u n+1 , v n+ i) ^ and hence J Un+1 H J Vn+ i = 0- By Lemma 2.4, there is (indepen- 
dent of n) such that 

J u n J v = dist(J ui , J vj ) > c'r n V i, j G 
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Referring to 7 = ir[. . . , u n+ i, u n , t x , . . . , tt, v w v n+ i, . . . ], we have $(£) G J u „ +fe+1 , $(0 e 



J V)i+fc+1 . It follows that 



MO - HV)\ > dist(J Un+&+1 , J Vn+fc+1 ) > cV" 

and |$(£) — $(77) | > c"Pa{£,, r l) a follows by the definition of p a as the above. □ 

For a simple augmented tree X, we label the connected classes as {^, . . . , ^} 
and introduce an r x r incidence matrix 

(3.3) A = [cijj] rxr . 

for the connected classes. The entries defined as follows. For any 1 < % < r, 

take a horizontal connected component T in X such that [T] = Let Z^, . . . , 
be the horizontal connected components consisting of offsprings generated by T, i.e., 
TS = U fe=1 Z ik , and define 

a<i = #{k : 1 < k < £, [Z ik ] = 

Observe that is independent of the choice of the components in the equivalence 
classes. It is clear that for T,T' G tf, [T] = [V] implies #T = #T'. But the 
converse is not true. As a direct consequence of the definition, we have 

Proposition 3.6. Let b = [bi, . . . , 6 r ]* where bi = j^T where [T] = then Ah = 
mb. 

The following theorem is for Lipschitz equivalence on the hyperbolic boundaries, 
it is the crucial step to establish the equivalence for the self-similar sets. 

Theorem 3.7. Suppose the augmented tree (X,£) is simple, and suppose the corre- 
sponding incidence matrix A is (m, h)-rearrangeable (where the m and b are defined 
as in Proposition 3.6). Then there is a near-isometry between (X,S) and (X,S V ), 
so that d{X,S) ~ d{X,S v ). 

The notion of rearrangeable matrix is an important tool to construct the near- 
isometry. Since the concept is a little complicated, we will introduce this in more 
detail, and prove Theorem 3/7 together with the following theorem in the next 
section. 

Theorem 3.8. If the incidence matrix A is primitive, then A k is (m k , b) -rearrangeable 
for some k > 0. Consequently d(X,S) ~ d(X,S v ). 

As a direct consequence, we have 



Corollary 3.9. Under the assumption on Theorem 3.1 (or Theorem 3.8), then 
(d(X,£), p a ) is totally disconnected. 

By Theorem 3.7| we obtain the following Lipschitz equivalence on the self-similar 

sets. 
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Theorem 3.10. Let K and K' be self-similar sets that are generated by two IFS's 



as in (2.2) with the same number of similitudes and the same contraction ratio, and 



satisfy condition (H) in (2.cfy . Assume the associated augmented trees are simple 



and the incidence matrices are (m,b)-rearrangeable (in particular, primitive). Then 
K and K' are Lipschitz equivalent, and are also Lipschitz equivalent to a dust-like 
self-similar set. 

Proof. It follows from Theorem |3.7| that 

(3.4) d(X, 8) ~ d(X, £ v ) = d(Y, £ v ) ~ d(Y, 8) 

(for the respective metrics p a ). Let uo : d(X,£) —> d(Y,£) be the bi-Lipschitz map. 
With no confusion, we just denote these two boundaries by dX, dY as before. 



By Proposition 3.5, there exist two bijections $i : dX — > K and $2 : dY — > K' 
satisfying (3.2) with constants Ci,C 2 , respectively. Define r : K — >■ K' as 

r = $ 2 o ip o 

Then 

\r(x) - r(y)\ < C 2 p a ( V o ^\x), up o ^r 1 ^))" 

<C 2 C« Pa {$- x \x)^- x \y)Y 
<C 2 C«C X \x-y\. 

Let C = C 2 C£C U then 

\t(x) - r(y)\ < C'\x - y\. 

Similarly, we have C'~ l \x— y\ < \T(x)—r(y)\. Therefore r : K — )■ K' is a bi-Lipschitz 
map. 

For the last statement, we can regard (X,S V ) as the augmented tree of an IFS 
that is strongly separated, and then apply the above conclusion. □ 



Corollary 3.11. The IFS in Theorem {3J$ satisfies the OSC. 



Proof. We make use of the following well-known result of S chief [2T] on a self-similar 
set K: let s be the similarity dimension of K, then the IFS satisfies the OSC if and 
only if < U S (K) < 00. 

Let K be the self-similar set as in Theorem |3.10[ then it is Lipschitz equivalent 
to a dust-like set K" . It follows that < 1-L S (K") < 00, so is K by the Lipschitz 
equivalence. Hence by Schief's criterion, the IFS for K satisfies the OSC. □ 

In Section 5, we will provide some interesting examples for the Lipschitz equiva- 



lence of the totally disconnected self-similar sets in Theorem 3.10 We also remark 



that in Theorem 3.10 the condition on the augmented tree can be weaken, and the 



proof still yields a very useful result. 

Proposition 3.12. Let K and K' be self-similar sets that are generated by two 



IFS's as in (2.2) that have the same number of similitudes, same contraction ratio, 
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and satisfy condition (H) in (2.3). Suppose the two IFS's satisfy either (i) the OSC, 



or (ii) the augmented trees are simple. Then 
(3.5) K~K' OX 



dY. 



Proof. The sufficiency of (3.5) is always satisfied, as we can replace (3.4) by the 
given condition OX ~ dY, then follows from the same proof of Theorem 3.10 The 



necessity follows by making use of the Holder equivalence (3.2) which is satisfied for 
cases (i) and (ii), and proceeds with a similar estimation for <p = $2 1 r ^i- ^ 



We remark that the above theory of Lipschitz equivalence can also be applied 
to study the self-affine systems. Let B be a d x d expanding matrix (i.e., all the 



eigenvalues have moduli > 1) and let {Si]YL\ with Si 



x 



B~ x (x + di),di e 



be 



the IFS. For the part of simple augmented tree, it is clear that the notion can be 



defined and the hyperbolicity in Proposition |3.4| follows by the same way. Moreover 
we have 

Proposition 3.13. For the IFS {Si} r ^ =1 of self-affine maps as the above, Theorems 
3. 71 and\3.8[ remain valid. 



For the part involves the self-affine set on IR d , we need to use a device in [S] 
by replacing the Euclidean norm with an "utlta-norm" adapted to the matrix B. 
By renorming, we can assume without loss of generality that ||x|| < ||-Ba;||. For 
< 5 < 1/2, let ip > be a C°° function supported in the open ball Us centering at 
with ip(x) = ^p(-x) and L d ip = 1. Let V = BU\ \ U\, and let h = xv * V 9 be the 
convolution of the indicator function xv and if. Let q = \ det(B)\ and define 



w(x) 



J2 q- n,q h(B n x) 16 



Then w(x) satisfies (i) w(x) = w(—x) and w(x) = if and only if x = 0, (ii) w(Bx) = 
q 1 ^ d w{x), and (iii) there exists (3 > 1 such that w(x + y) < (3max{w(x),w(y)}. This 
w is used as a distance (ultra-metric) to replace the Euclidean distance to define the 
generalized Hausdorff measure "H", Hausdorff dimension dim^-, box dimension dim^. 
Under this setting, most of the basic properties for the self-similar sets (including 
Schief's basic result on OSC) can be carried to the self-affine sets [8]. To apply to 



here, we need to adjust condition (H) (2.3) to 

K u n K v = dist w (K u , K v ) 



> 



cq 



-n/d 



and to replace the r n in the proofs of Lemma 2.4 and Proposition 3.5 by q n ^ d . Then 
we have 

Theorem 3.14. With K and K' self-affine sets satisfying the conditions in Theorem 
3.1C\ The K and K' are Lipschitz equivalent under the ultra-metric defined by w, 
and they are Lipschitz equivalent to a dust-like self-affine set. 
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4. Rearrangeable matrix and proofs of the main theorems 



The proof of the Lipschitz equivalence of the simple augmented tree to the original 



tree in Theorem 3.7 is to construct a near-isometry between them, which is based on 
a device of "rearrangement" of graphs. The idea of rearrangement was introduced 
by Deng and He jl] . A similar technique of "equal decomposition" was also used to 
consider the Lipschitz equivalence in [18] (see also [25], [26]). First we give a detail 
discussion of the concept of rearrangement. 

Definition 4.1. Given m, r G N. Suppose a 1 G Zr is a row vector, 

and b = [bi, . . . , 6 r ]* G N r is a column vector. We say that a is (m, b) -rearrangeable 
if there exists an integer p > 0, and a nonnegative integral matrix C 
that 



TO, 



> TO I 



. , 1]C and Cb 

(Note that in this case ab = pm for some p G 
A matrix A is called (to, b) -rearrangeable if each row of A is (to, b) -rearrangeable. 

Remarks. (1) The intuitive explanation of the definition is as follows. Let be 
the number of balls with the same weight bi. That a is (to, b)-rearrangeable means 
we can rearrange these balls into p groups (the p-rows in C) such that in each group 
the number of balls with weight bj is Cy and the total weight is exactly m. It it is 
clear that the total weight of all balls is pm = ab = lCb. 

(2) It follows easily from the definition that if a is (to, b)-rearrangeable, then 
max{6j : 7^ 0} < m. 



(3) If we write an r x r matrix A as 



ai 



Then A is (to, b)-rearrangeable is 



equivalent to the existence of p = [pi, . . . ,p r ]* G N r such that Ah = mp and a 
sequence of nonnegative integral matrices {Cj}[ =1 such that a^ = 1C, and Cjb = 



TO, 



toI* G N Pl for all i. 



We will prove some sufficient conditions for (m, b)-rearrangeable in the sequel 



(Lemma 4.7 Proposition 4.8). In the following we use two examples to illustrate 
more on such notion. 



Example 4.2. Let a G Z!j_, and let b = 1*. Suppose £\ = m ; i/ien trivially, 
a zs (m, b) -rearrangeable (with p = 1, C = a ; ie. ; intuitively we put everything 
in one group). Consequently, for any nonnegative integral matrix A with m as an 
eigenvalue and h = 1* as the eigenvector, it is (to, b) -rearrangeable. 



Example 4.3. Let 



A 



1 
1 
1 
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1 

2 



and b = [1,2,3]'. Then Ab = 3b, and A is {3,b)-rearrangeable, so is A 2 . 



Proof. To show that A is (3, b)-rearrangeable, it suffices to check on each row of A 
is (3, b)-rearrangeable: 

for a = [1,1,0], then ab = 3, we take C = a; 

for a = [1, 1, 1], then ab = 2 x 3. we take C = 



for a = [1,1,2], then ab = 3 x 3, we take C 



110 
1 
110 
1 
1 



For A 2 = 



2 2 1 

3 3 3 

4 4 5 



, we can proceed in the same way to show that A 2 is 



also (3, b)-rearrangeable. The corresponding matrices C for the three rows of A 2 



are the transposes of the following matrices: 



1 


1 







1 


1 





1 








1 


1 







1 


1 





1 














1 










1 





1 


1 



110 10 10 
110 10 10 
10 110 11 



and 



□ 



As a matter of fact, the above example is typical by the following proposition. 

Proposition 4.4. Let h = [&i,...,& r ]' e N r . // a matrix A = [aij] rxr is (to, b)- 
rearrangeable, then A n is (m,b)-rearrangeable for n > 1. 

If in addition, the eig en-relation Ab = mb is satisfied, then A n is also (m n ,b)- 
rearrangeable. 

Proof. We use induction to prove the first part. Let a^, 1 < % < r be the row 
vectors of A. Since A is (m, b)-rearrangeable, there exist p = \pi, ■ ■ ■ ,p r Y £ N r 
such that Ab = mp and a sequence of matrices {Ci} r i=1 such that aj = lCj and 
db = [m,...,mfe N ft for all i. 

Assume that A n ~ l is (m, b)-rearrangeable, then A n ~ l b = mp for some positive 
integer vector p. Consider A n , let cti be the i-ih row of A n . Since A n b = mAp, we 
have CKjb = ma^p := m^. Write A n ~ l = [a^-], it follows that 

r r 

= ^2 a ij a j = QjjiCj. 

3=1 3=1 



Let 



— [Ci, . . . , Ci, . . . , C r , . . . ,C r ] 



an 



where the transpose means transposing the row of matrices into a column of matrices 
(without transposing the Cj itself). Then 

a t = 1C W and C (i) b = [m, . . . , mf e N qi . 

Hence cti is (m, b)-rearrangeable, and A n is (to, b)-rearrangeable. 
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For the second part, since Ah = mh and ^"b = m n h, we can replace the previous 
integral vector p by b. Then aijb = mqi = m n "p i . We then replace the x r matrix 
in the above by the Pi x r matrix which is obtained by summing every 
consecutive m n_1 row vectors of (note that qi = m n ~ l pi). Hence 

cXi = lD {i) and D®b = [m n , . . . , m n ] f £ W\ 

so that CKj is (m n , b)-rearrangeable. Consequently, A™ is (m n , b)-rearrangeable. □ 



Proof of Theorem 3.7 Recall that Ah = mh where b = . . . , 6 r ]' with 6j 



j^T where [T] = ^ (Proposition 3.6). First we claim that we can assume without 



loss of generality that maxj 6j < m. For otherwise, let k be sufficiently large such 



that maxj&j < m k , by Proposition 4.4, A k is (m k , b)-rearrangeable. The IFS of the 
k-th iteration of {S'i}™ =1 has symbolic space X' = IJ^Lo^" an< ^ ^ ne augmented tree 
has incidence matrix A k ; moreover the two hyperbolic boundaries dX' and dX are 
identical. Hence we can consider A k instead if max,- bs < m is not satisfied. 



Let X\ = (X, £), X2 = (X, 8 V ). In view of Proposition 3.2, it suffices to show that 
there exists a near-isometry a between X± and X2, and hence d(X,S) ~ d(X,S v ). 
We define this a to be a one-to-one mapping from E n (in X\) to S n (in X2) induc- 
tively as follows: Let 

cr(o) = o and er(z) —i, i £ S. 

Suppose a is defined on the level n such that for every horizontal connected compo- 
nent T, ct(T) has the same parent (see Figure 1), i.e., 

(4.1) a(x)- 1 = aiy)- 1 V x, y £ T C S n 

To define the map a on S ra+1 , we note that T in E n gives rise to horizontal connected 
components in S n+1 , which are accounted by the incidence matrix A. We can write 



where are horizontal connected components consisting of offsprings of T . If T 
belongs to the connected class then j^T = hi. By the definition of the incidence 
matrix A and Ah = mh, we have 



b im = #Z k = 2^ a^-. 



Since A is (m, b)-rearrangeable, for the a,, there exists a nonnegative integral matrix 
C = [c S j]b iXr (depends on i) such that 



1C and Ch = [m, . . . , m 



t 



We decompose aj into 6j groups according to C as follows. Note that denotes 
the number of that belongs to For each 1 < s < and 1 < j < r, we choose 
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c S j of those Zk, and denote by A s the set for all the chosen k with 1 < j ' < r. Then 
we can write the index set {1, 2, ...,£} as a disjoint union: 

{i,2,...,n = LT A- 

Hence (Jfe=i can t> e rearranged as bi groups so that the total size of every group 
is equal to m, namely, 

Note that each set on the right has m elements. 




on the left denote the types of connected components 



For the connected component T — . . . , i^} cS", we have defined a on S n and 



o-(T) = {ji = o-(ii), . . . , j 6i = cr(i 6 .)}. In view of ( |4.2[ ), we define a on TS = Ufc=i^fc 
by assigning each {J keAs Zk (it has m elements) the m descendants of ] s (see Figure 



[T]). It is clear that a is well-defined on TS and satisfies (4.1 ) for x, y E TS. We apply 
the same construction of a on the offsprings of every horizontal connected component 
in E n . It follows that a is well-defined and satisfies (4.1) on S n+1 . Inductively, a 
can be defined from X\ to X2 and is bijective. 

Finally we show that a is indeed a near-isometry and complete the proof. Since 
o '. X\ — v X2 preserves the levels, without loss of generality, it suffices to prove the 
near-isometry for x, y belong to the same level. Let 7r(x, y) be the canonical geodesic 
connecting them, which can be written as 

7r(x,y) = [x,ui,...,u n ,ti,...,t fc ,v n ,...,vi,y] 

where [ti, . . . , tfc] is the horizontal part and [x, ui, . . . , u n , ti], [t^, v n , . . . , vi, y] are 
vertical parts. Clearly, {ti,...,tfc} must be included in one horizontal connected 
component of Xi, we denote it by Tj. With the notation as in Theorem |2.3[ i), it 
follows that for x^y 6 X\, 



k( x >2/)l 
We have 



|x| + |y| -21 + h, |7r(a(x), a(y))| = |a(x)| + |a(y)| - 21' + h' . 



|7r(cx(x),cT(y))| 



7T X, 



< \h 
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ti\ + 2\l'-l\ < k + 2\l'-l\ 



where k is a hyperbolic constant as in Theorem 



2.3[ ii). If Tj is a singleton, then 



\l'-l\ = 0. 

If Tj contains more than one point, then the elements of cr(Tj) share the same parent. 
Then the confluence of er(x) and c(y) (as a tree) is cr(x) (= er(y) ). Hence 

= 1. 

Consequently 

||7r(a(x),a(y))| - |7r(x,y)|| < fc + 2. 

This completes the proof that a is a near-isometry and the theorem is established. 
□ 

Corollary 4.5. Under the same assumption of Theorem 3.7. If there exists fceN 
such that A k is {m k ,b)-rearrangeable, then d(X,8) ~ d(X,£ v ). 



To prove of Theorem 3.8 that primitive implies (m, b)-rearrangeable, we need a 
combinatorial lemma due to Xi and Xiong [25] . We include their proof for complete- 
ness. 

Lemma 4.6. Let p,m and {rijjieA be positive integers with X^eA rai = P m - Suppose 
there exists an integer I with rii < I < m for all i G A, and G A : rii = 1} > pi. 
Then there is a decomposition A = U*=i satisfying X]«ga s n i = m f or 1 < s < P- 

Proof. The lemma is trivially true for p = 1, suppose it is true for p. For p + 1, let 
C {« : n, = 1} with = (jp + 1)/, and select a maximal subset Ai of A \ Q such 
that ^ igAl nj < m. We claim that 

En,- > m — I. 

For otherwise, take z G A \ (Ai U $7), then X^eAiufio} n i < ( m ~ + ^ = m 5 which 
contradicts the maximality of Ai and the claim follows. Choose a subset Qi from Q 
such that #Oi = m — ^ iEA rii (< and set Ai = Ai U Qi, then 5^ igA rii = m - 

Note that for A' = A \ Ai, #{z G A' : = 1} > pi. Applying the inductive 
hypothesis on p, we get a decomposition A' = Us=2 with X^ieA s n-i = m for s > 2. 
Therefore, the assertion for p + 1 holds, and the lemma is proved. □ 



Lemma 4.6 yields the following rearrangement lemma we need (see also [I]) 



Lemma 4.7. Let b = [oi,...,6 r ]* G N r with b\ = 1. Let £ = max,,- 6j and a = 
[Oil, ■ ■ ■ , CL r ] G such that ai > £ 2 . Suppose there exists m > £ such that ab = pm 
for some integer < p < £, then a is (m,b)-rearrangeable. 
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Proof. We first assume that all cij > 0. By the assumption, we have £ < m and 



> 



Define a sequence {rij} r - =1 by 



r 61 

fo 2 



n ; 



1, . . . , a\\ 
ai + 1, . 



cli + a 2 ; 



r 

j=i a r 



Let A = {1,2, Ej=i a j} be the index set. Then the 

assumption ab = pm is equivalent to: 



Note that nj < 



Hi 



pm. 



By Lemma 4.6, there is a decomposition A = Us=i^s satisfying EjeA s 



rij = m for 



1 < s < p. Counting the number of foj's in each group s, 

6A s :n fc = bj}, 1 < s < p, 1 < j < r. 



The lemma follows by letting the matrix C = [c S j] pxr . 

If some of the czj equals zero. Without loss generality we assume that a r 



a-i > 0, 1 < i < r — 1. Let a' = [ax, 



_i] and b' = [bi, . . . 6 r _i], then a'b' 



and 

pm 



and by the above conclusion, a' is (m, b)-rearrangeable by a p x (r — 1) matrix C. 
Let C be the pxr matrix obtained by adding a last column to C. Then it is easy 
to see that a is (m, b)-rearrangeable. □ 

Proposition 4.8. Let A be an r x r nonnegative integral matrix and is primitive 
(i.e., A n > for some n > 0). Let b = [fox, ... , fo r ]* G N r icra'#i foi = 1 and Ah = mh 
for some m G N. Then A k is (m k , b) -rearrangeable for some k > 0. 



maxj foj. Observe that A is primitive, there exists a large such that 



Proof. Let 

£ < m fc , and A k > with every entry greater than £ 2 . Hence Lemma |4.7| implies A 
is (m k , b)-rearrangeable. 



□ 



Let A be the incidence matrix, and Ab = mh where 
#T where [T] = ^ (Proposition 3.6). If we let the root 

mh that foi = 1. 
m k , b)-rearrangeable for some k > 0. 
To prove the last part, we can assume without loss of generality that A is (m, b)- 
rearrangeable and maxj foj < m. For otherwise, by the primitive assumption on A and 



Proof of Theorem |3.8 

b = [foi, ... , fo r ]* with bi = 
o to be ^1, then it is clear from the definitions of A, h and Ah 
Hence Proposition 4.8 implies that A k is 



by the same reasoning as in the proof of Theorem 3.7 , we can consider the augmented 
tree as the IFS defined by the k-th iteration of {St}^, and the corresponding A k 



is (m , b)-rearrangeable. Hence we can apply Theorem 3.7 and complete the proof 
of Theorem 13.81 □ 
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5. Examples 



In this section, we provide several examples to illustrate our theorems of simple 
augmented tree and Lipschitz equivalence. Note that all the IFS's considered here 
satisfy condition (H); also the bounded closed invariant sets J we use are connected 
tiles and they have finite number of neighbors. By using the following lemma, we 
see that the process of finding the connected components will end in finitely many 
steps. 

We assume the IFS consists of contractive similutudes Si(x) = B~ l (x + di),i = 
1, . . . , m, where B' 1 = rR is the scaled orthogonal matrix. Let J be a closed subset 
such that Si(J) C J for each %. Then for i = %\ • • • G we have J\ = Si (J) = 
B~ k (J + di) where d { = d ik + Bd ik _^ + ■■■ + B k - l d ix . 

Lemma 5.1. For two horizontal connected components T\ C X fcl ,T 2 C S fc2 with 
= #T 2 = I. If there exist smilitudes 4>i(x) = B ki x + q, i = 1, 2, where Ci G M d 
such that 

<MU i6Tl Ji) = 2 (U je T 2 Jj) = JU(J + v 1 )U---U(J + v i - 1 ) 
for some vectors v i, . . . , t^_i G M. d , then T\ ~ T 2 . 



Proof. By the definition and (3.1), it suffices to prove TiE and T 2 E have the same 
connectedness structure, equivalently, to prove this for IJieTi U^=i an d UjeT 2 Uj=i 
Letting t> = 0, we have 

m in 

*(Ul><) = s"(UU- 7 '.)+^ 

ieTi i=l ieTi i=l 

m 

= B k '( |J \jB- k '-\j + d i + Bd i j) +ci 

ieTi i=l 
m 1 m 

= UUw+ rfi )+ ci = UU^+^)- 

ieTi i=i j=o i=i 

Similarly we have <p 2 ( U jgT2 \J™ =1 J- }j ) = (J^ U™i(^»+ U j)- Since 0i> 02 are similarity 
maps which preserve the connectedness, the lemma follows. □ 

We remark that it is a lot simpler to use the approach here than the method 



of constructing the graph directed system as in [4j, |18j . |25j . In fact Example 5.4 



shows that it may be difficult to use the later to prove the Lipschitz equivalence. 
The same example also shows that the converse of the above lemma does not hold. 

Example 5.2. Let T>\ = {0,2,4} and T> 2 = {0,3,4} be two digit sets, and let K\ 
and K 2 be the two self-similar sets defined by: 

K x = \{Ki + Pi), K 2 = \{K 2 + V 2 ). 
5 5 
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Then K\ is clearly dust-like and K\ ~ K 2 (see Figure 



This is a well-known example of Lipschitz equivalence of self-similar sets called the 
{1, 3, 5} — {1, 4, 5} problem ([3], [H]), which was proved by showing that they have 
the same graph directed system. In our approach, the associated augmented tree 
for K\ is just the standard rooted tree with no horizontal edges, and the incidence 
matrix is [3]. For K 2 , by letting Si(x) — (x + di)/3, di e T> 2 , and use J = [0, 1] in 
the definition of the augmented tree, we see that in total, there are three connected 
classes (after three iterations): ST X = [o], ^2 = [{2,3}] and ST Z = [{22,23,31}]. Hence 
X is simple and the incidence matrix is 



.4 




1 

2 



Clearly A is primitive, and K 2 — K\ by Theorem 3.10 



□ 



J 



J- 



J, 



Ji 



h J3 



(a) 



(b) 



Figure 2. 



The following proposition is a generalization of Example 5.2 on R [18 



1} ; and let K the 



Proposition 5.3. Let V be a proper subset of {0,1, ... ,n 
self-similar set on K satisfying 

K = -(K + V). 

n 

Then the corresponding augmented tree is simple and the incidence matrix is prim- 
itive. Consequently K is Lipschitz equivalent to a dust-like set. 

Proof. Let Sj(x) = J(ac + dj), dj e V be the IFS for K with #V = m(< n). We 
will ignore the trivial case that the IFS is strongly separated. We use J = [0, 1] to 
define the associated augmented tree X, and it is easy to see that it is simple. Our 
main task is to show that the incidence matrix is primitive. Let = IJies fe Si(J) 
be the k-th iteration. Let L i} 1 < i < £ denote the disjoint closed sub-intervals of F x 
arranged from left to right. 
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We first consider the case that T> does not contain both and n — 1. In this case, 
the connected components of the augmented tree is determined by the root and 
the components in the first level. Let o be the root which represents the connected 
class S[. For the others, let b,i (= n|Lj|) be the number of vertices in the connected 
component where i = 1, . . . , r for some r < £. For convenience, we assume b\ = 1 
and b r corresponds the rightmost sub-interval of F\. Note that 6j > 1 for 2 < i < r. 
Let <Zj denote the number of such components. Then it is easy to see that the 
incidence matrix is given by 
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a\ a 2 
a x b 2 «2&2 

a\b r a 2 b r 



■ a r b 



r"2 



Qjiy fay 



Hence A is primitive and the proposition follows. 

For the case that {0, n — 1} C T>, we note that for an interval Li in F\ with b{ > 1, 
if we inspect the sub-intervals of F2 contained in Li, we find that there is a group of 
new sub-intervals that come from union of two intervals: one with right end points 
S im (l) and one with left endpoint the SV-t-i,i(0) (see Figure |2^b), the forth interval 
on the third level). There are foj — 1 of them and the length is 1 + b r . If there is 
already a component of this length, say the second one, then the incidence matrix 
is an r x r matrix 
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aib 2 



a2 

a 2 b 2 + (62 



ai&r — (K — 1) 02^r + (W — 1) 



a r _i&2 a r b 2 - (b 2 - 1) 
a r —ib r a r b r — (b r — 1) 



If this is a new component, then the incidence matrix is an (r + 1) x (r + 1) matrix 
with 
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a i 

a\b 2 



(b 2 



a\b r — (b 
axil + b r 



«2 

a 2 b 2 
a 2 b r 

a 2 (l + b r ) 



a r -ib 2 

o, r —±b r 
a r _i(l 



a r 

a r b 2 - (b 2 

a r b r — (b r 
a r (l + b r ) 



1) 

b r 





b 2 

b r 

br 



Again, A is primitive that implies the proposition. 



□ 



The above proposition also has a higher dimensional extension to the totally 
disconnected fractal cubes of the form K = -{K + T>) where T> C {0, . . . , n — l} d 
by Xi and Xiong (23] via constructing a more complicated graph directed system. 
Their result can also be put into the framework of Theorem 3.8\ we will omit the 
detail. In the following we will consider other totally disconnected self-similar sets 
of more general forms. 
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The following shows that the Sj(jys can have large overlaps (though the OSC is 



still satisfied by Corollary 3.11). Moreover it shows that the converse of Lemma 5.1 
does not hold. 

Example 5.4. On M. 2 , let K be the self-similar set defined by the IFS 



SAx) 



1 



x + dj) where di e 








18/5 




4 















1 





1 







2 




3 



We use J = [0, l] 2 as the invariant set to define an augmented tree X for K . It can 
be shown that, in the graph X , the two components T\ = {2, 3} and T 2 = {4, 5} are 
equivalent in the augmented tree, as the T% UTiS and T 2 UT2S are graph isomorphic 
(see Figure^), but there do not exist similarity maps (j>i,(f>2 as in Lemma 5.1 such 
that 0i(J 2 U J 3 ) = 02(^4 U J s ). 

On the other hand, if we continue the process by iterating, we can see that X 
is simple with two connected classes 3F\ = [o] and ^ = [Ti], and the incidence 
1 2 1 

which is primitive. Hence K is Lipschitz equivalent to a dust-like 



matrix is 



2 4 



self-similar set by Theorem 3.1C\ 



J 4 



Jl J3 



3 

□ ED 
] 

□ ED 



1 



JUL 



B B 

n nnnml 



(b) 



Figure 3. The first two iterations for K. 



In the following we consider the self-similar set selected from a self-similar tile 
(also the more general self-affme case) to replace the square and sub-squares in the 
previous case. Let B be a d x d expanding matrix (i.e., all the eigenvalues have 
moduli > 1) and |det(5)| = q; let V = {di, . . . ,d q } C R d be a digit set. The 
attractor J generated by 

Si(x) = B-\x + di), diEV 

satisfies J = B~ X {J + V) (more conveniently, we use B J = J + T>). It is called 

a self-affine tile if the interior of J is nonempty [llj. If in addition, B is a similar 
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matrix, then J is a self-similar tile. It is well-known that if the tile J is disk-like (i.e., 
homeomorphic to the unit disc), then J has either six (hexagonal) or eight (square) 
neighbors pQ. This is needed to determine the connected classes of the augmented 
tree of the underlying self-similar set. 



Example 5.5. B 



5/2 



V3/2 
5/2 



and V = {0, ±v x , ±v 2 , ±(t>i + v 2 )}. 



with V\ 



1/2 
\/3/2 



''2 



1/2 
-%/3/2 



. // we let Si(x) = B l (x + cfj), G P, then J is 



a self-similar tile on M 2 , and is called the Gosper island (Figure^a)). If we let 

V = {v 2 , vi, -v 2 , -(vi + v 2 )} 



and let K be the corresponding self-similar set (see Figure^b)). We use J to define 
the augmented tree. There are six neighbors of J, they are 



(5.1) 



J±Vi, J±v 2 , J ±(vi+v 2 ). 



By making use of (5.1), we can show that the incidence matrix is 



A 



1 

2 
2 
4 
4 
6 





110 

1 

1 1 
1 1 
1 2 



and it is primitive. Hence K is Lipschitz equivalent to a dust-like set. We omit the 
detail. 





Figure 4. 
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Finally we consider a case of self-affine sets which is a direct analog of Example 
|5.2 We make use the modified Lipschitz equivalence in Theorem 3.14 for self-affine 
sets. 



Example 5.6. Let 








1 " 


and D = | 


" " 


B = 






_ -5 


-3 _ 




i 



: i = 0,1,2,3,4 



Then J is a self-affine tile; moreover it is known that J is homeomorphic to the unit 
disc, and it has six neighbors (Theorem 4-1 in 



(5.2) J±v, J±(Bv + 2v), J±(Bv + 3v) with v 

If we let 




1 



{ 


' " 




i 



z = 0,2,4^ and V 2 



{ 


' " 




i 



: i = 0,3,4 



and let K\ and K 2 be the corresponding self-affine sets. Then the augmented trees 
are simple, K\ is dust-like and K\ ~ K 2 (see Figure^. 



!& X A 



* i \ i n jk 

^ -02 - Iff 

v x v % ; « x 
$\ &v $v 

if <f 



(a) 



(b) 



Figure 5. 



Indeed, it is easy to see that the IFS for K\ is strongly separated. As the moduli 
of the eigenvalues of B are equal to Vo, by Theorem 1.3 and Corollary 3.2 of [8], 
dim^ K x = dim£ K x = 2 log 3/ log 5. 

For K 2 , we let Sj(x) = B~ 1 (x + dj), d d e V 2 be the IFS. Note that the tile J 
satisfies B J = J + T>, we will use this together with the neighborhood relation of J 
to select the corresponding ones for V 2 . Let = {o}, we observe that (J + 3v) fl 
(J + 4f ) 7^ (equivalently, J fl ( J + v) ^ 0), hence there is only one horizontal edge 
2 ~ 3 in the first level of the augmented tree, let £F 2 = [{2,3}]. To find the next 
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connected class from we note that the connectedness of {S 2 j(J), S 3 j(J)}^ =1 
the same as (with a B 2 multiple) 

J, (J + 3v), (J + Av) and (J + Bv), (J + Bv + 3v), ( J + Bv + Av) 



is 



(which are the cells of -B(JU (J + v)) corresponding to T> 2 ). By (5.2) (use the neigh- 
bors J ± v and J ± (Bv + 3v)), we conclude that {2, 3} generates three components 

{21,32,33}, {22,23}, {31}. 

The first one belongs to a new class, for the iteration, we selected from B(JU (J + 
Bv + 3v) U ( J + Bv + Av)) those cells corresponding to V 2 and use Hamilton-Cayley 
theorem to obtain 

J, (J+3v), (J+Av); (J-5t»), (J-2v), (J-u); (J+5^-5*;), (J+5t;-2t;), (J+Bv-v). 



Again the neighborhood relation in (5.2) determines the components 

{211}, {212,213}, {321}, {322,323}, {331}, {332,333}. 

There are no new ones if we continue the iteration, hence the three connected classes 
are: 3\ = [o], ,% = [{2,3}] and ^ = [{21,32,33}]. The incidence matrix is 

1 1 
111 

3 3 



.4 



Clearly A is primitive, and K 2 
by w. 



K\ by Theorem 3.14 under the ultra-metric defined 

□ 



6. Remarks and open questions 



We note that not all incidence matrices of simple augmented trees are rearrange- 
able. For example, we let 



(6.1) 



K = -K U -i-K + 4) U -(K + A). 
5 5 5 



term.) Then the incidence matrix is 



. It is not rearrangeable, and it is easy 



(It is a modification of K 2 in Example 5.2 by putting in a reflection in the middle 

1 1 
3 

to show that K is a countable union of dust-like sets, but we do not know if it is 
Lipschitz equivalent to a dust-like set (see Figure [6]). 

Ql. Find conditions on the simple augmented tree that describe the above situation. 
Also in view of Theorem 3^, is an irreducible incidence matrix A rearrangeable? 

We have shown that if an augmented tree is simple, then the self-similar set is 
totally disconnected (Proposition 2.5 ); also the converse is true on IR under the OSC. 
We ask 
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Figure 6. The totally disconnected K denned by (6.1) 



Q2. Suppose if C M is denned by (2.2), if K is totally disconnected, does it imply 
that augmented tree is simple, equivalently, the horizontal connected component of 
the augmented tree is uniformly bounded (with or without assuming the OSC)? 

In recent literature, the investigations of the Lipschitz equivalence are mainly 
for the fractal cubes of the form K = -(K + V) where T> C {0, . . . , n — l} d ([25J, 



[26J). In Examples 5.5 and 5.6, we bring in another classes of self-similar/self-affine 
sets K that are based on the disk-like tiles on IR 2 . Note that such tiles have six 
or eight neighbors [lj, and for such K, the augmented trees depend very much on 
this neighborhood relationship. For the self-affine tiles generated by consecutive 
collinear digit sets, the disk-like property has been completely characterized in [15] 
through the characteristic polynomials of the expanding matrices. This provides a 
wealth of source to study the topological property of such K. A general question is 

Q3. For the classes of self-similar/self-affine sets K stated above, can we characterize 
the digit set T> so that K is totally disconnected? 

Also in [12], the authors have made a head start to investigate the classification 
of the non-totally disconnected fractal squares. 

Q4. Can we put such classification into the framework of augmented trees? 

In our consideration, we have restricted the IFS to have equal contraction ratio. 
On the other hand, there is also interesting study for different contraction ratios (e.g., 
[12], [20], [21])- For the augmented tree, the setup in [T3] is actually for non-equal 
contraction ratios that the horizontal level S n can be replaced by the standard level 
set: A n = {i = ii ■ ■ ■ i k : r ix ■ ■ ■ r ik < r n < r ix ■ ■ ■ r ik _ 1 } where r^'s are the contraction 
ratios. More generally, the authors have observed that the augmented trees can also 
be defined for Moran fractals and the hyperbolic property still holds. It is possible 
that the augmented trees can also be useful for the Lipschitz equivalence of fractal 
sets in those cases. 

Acknowledgements: The authors would like to thank Professors De-Jun Feng, 
Xing-Gang He, Hui Rao and Xiang-Yang Wang for many valuable comments and 
suggestions. 
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